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CHROMATIC SUMSETS
MELVYN B. NATHANSON
Abstract. Let A = (A1, . . . , Aq) be a q-tuple of finite sets of integers. As-
sociated to every q-tuple of nonnegative integers h = (h1, . . . , hq) is the linear
form h ·A = h1A1 + · · ·+ hqAq. The set (h ·A)(t) consists of all elements of
this sumset with at least t representations. The structure of the set (h ·A)(t)
is computed for all sufficiently large hi.
1. Coloring the integers
Let A be a set of integers. The h-fold sumset hA consists of all integers n that
can be represented as the sum of h not necessarily distinct elements of A. The
function rA,h(n) counts the number of representations of n:
rA,h(n) = card
{
(aj1 , . . . , ajh) ∈ A
h : n = aj1 + · · ·+ ajh and aj1 ≤ · · · ≤ ajh
}
.
Thus, hA = {n ∈ Z : rA,h(n) ≥ 1}. For every positive integer t, let (hA)
(t) be the
set of integers that have at least t such representations:
(hA)(t) = {n ∈ Z : rA,h(n) ≥ t}.
Let u and v be integers. Define the interval of integers
[u, v] = {n ∈ Z : u ≤ n ≤ v}
the dilation
d ∗A = {da : a ∈ A}
and the sets
u+A = {u+ a : a ∈ A} and v −A = {v − a : a ∈ A}.
Let A be a finite set of integers with
|A| ≥ 2, min(A) = a0, and d = gcd{a− a0 : a ∈ A}.
The set
A0 =
{
a− a0
d
: a ∈ A
}
satisfies min(A0) = 0 and gcd(A0) = 1. Moreover,
(hA)(t) = ha0 + d ∗ (hA0)
(t).
Thus, the following theorem describes the structure of the sumset (hA)(t) for all
finite sets A, all positive integers t, and all sufficiently large h.
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Theorem 1 (Nathanson [2, 3, 4]). Let A be a finite set of integers such that
|A| = k ≥ 2, min(A) = 0, max(A) = a∗, and gcd(A) = 1.
For every positive integer t, let
ht = (k − 1)(ta
∗ − 1)a∗ + 1.
There are nonnegative integers ct and dt and finite sets Ct and Dt with
Ct ⊆ [0, ct − 2] and Dt ⊆ [0, dt − 2]
such that
(hA)(t) = Ct ∪ [ct, ha
∗ − dt] ∪ (ha
∗ −Dt)
for all h ≥ ht.
There is a more subtle additive problem. Color the elements of the set A with q
colors, which we call {1, . . . , q}. Let Ai be the subset of A consisting of all elements
a ∈ A that have color i. The sets A1, . . . , Aq are pairwise disjoint with A =
⋃q
i=1Ai.
The q-tuple A = (A1, . . . , Aq) is an ordered partition of A. Let N
q
0 be the set of
q-tuples of nonnegative integers, and let
h = (h1, . . . , hq) ∈ N
q
0.
The chromatic subset h ·A is the set of all integers in the sumset hA that can be
represented as the sum of h elements of A with exactly hi elements of color i for
all i ∈ [1, q]. Thus, n ∈ h ·A if and only if we can write
(1) n =
q∑
i=1
hi∑
ji=1
ai,ji
where
(2) ai,ji ∈ Ai for all i ∈ [1, q] and ji ∈ [1, hi].
We refine this problem by allowing elements of A to have more than one color.
The subset Ai still consists of all elements of A with color i, and A =
⋃q
i=1Ai, but
the sets Ai are not necessarily pairwise disjoint. The chromatic sumset h·A consists
of all integers n that have at least one representation of the form (1) and (2). Note
that
hiAi =

hi∑
ji=1
ai,ji : ai,ji ∈ Ai for all ji ∈ [1, hi]

and so
h ·A = (h1, . . . , hq) · (A1, . . . , Aq)
= h1A1 + · · ·+ hqAq.
This is a homogeneous linear form in the sets A1, . . . , Aq. For every set B of
integers, we also have the inhomogeneous linear form h1A1 + · · ·+ hqAq +B. Han,
Kirfel, and Nathanson [1] determined the asymptotic structure of homogeneous and
inhomogeneous linear forms for all q-tuples of finite sets of integers.
The chromatic representation function rA,h(n) counts the number of colored
representations of n of the form (1) and (2), that is, the number of q-tuples
(a1, . . . , aq) ∈ A
h1
1 × · · · × · · ·A
hq
q
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where, for all i ∈ [1, q], the hi-tuple ai = (ai,j1 , ai,j2 , . . . , ai,jhi ) ∈ A
hi
i satisfies
ai,j1 ≤ ai,j2 ≤ · · · ≤ ai,jhi .
Let
(h ·A)(t) = {n ∈ h ·A : rA,h(n) ≥ t}.
In this paper we determine the structure of the chromatic sumset (h ·A)(t) for all
positive integers t and all sufficiently large vectors h ∈ Nq0.
Define a partial order on the set Nq0 as follows. For vectors
h1 = (h1,1, . . . , h1,q) ∈ N
q
0 and h2 = (h2,1, . . . , h2,q) ∈ N
q
0
let
h1  h2 if h1,i ≤ h2,i for all i ∈ [1, q].
We also write h2  h1 if h1  h2. Let hi = sup(h1,i, h2,i) for i ∈ [1, q]. The least
upper bound of the vectors h1 and h2 is the vector
sup(h1,h2) = (h1, . . . , hq) ∈ N
q
0.
The q-tuple of finite sets of integers A = (A1, . . . , Aq) is normalized if
min(Ai) = 0 for all i ∈ [1, q]
and
gcd
(
q⋃
i=1
Ai
)
= 1.
The case t = 1 of the following theorem is the result of Han, Kirfel, and
Nathanson [1]. The case q = 1 is Theorem 1.
Theorem 2. Let A = (A1, . . . , Aq) be a normalized q-tuple of finite sets of integers.
Let max(Ai) = a
∗
i for all i ∈ [1, q], and
a
∗ =
(
a∗1, . . . , a
∗
q
)
∈ Nq0.
For every positive integer t, there exist nonnegative integers ct and dt, there ex-
ist finite sets of nonnegative integers Ct and Dt, and there exists a vector ht =
(ht,1, . . . , ht,q) ∈ N
q
0 such that, if h = (h1, . . . , hq) ∈ N
q
0 and h  ht, then
(h ·A)
(t)
= Ct ∪ [ct,h · a
∗ − dt] ∪ (h · a
∗ −Dt) .
Let A′ = (A′1, . . . , A
′
q) be a q-tuple of nonempty finite sets of integers. For all
i ∈ [1, q], let min(A′i) = a
′
i,0 and d = gcd
(⋃q
i=1(A
′
i − a
′
i,0
)
. Define the sets
Ai =
1
d
∗ (A′i − a
′
i,0) =
{
a′i − a
′
i,0
d
: a′i ∈ A
′
i
}
.
Equivalently,
A′i = d ∗Ai + a
′
i,0.
The q-tuple A = (A1, . . . , Aq) is normalized, and, for all vectors h = (h1, . . . , hq) ∈
N
q
0, we have
h ·A′ =
q∑
i=1
hiA
′
i = d ∗
q∑
i=1
hiAi +
q∑
i=1
hia
′
i,0 = d ∗ (h ·A) +
q∑
i=1
hia
′
i,0.
It follows that Theorem 2 describes the asymptotic structure of the linear form
(h ·A′)
(t)
for every q-tuple A′ of finite sets of integers.
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2. Linear forms
Lemma 1. Let A = (A1, . . . , Aq) be a q-tuple of sets of integers wih 0 ∈ Ai for all
i ∈ [1, q]. If h1,h2 ∈ N
q
0 and h1  h2, then h1 ·A ⊆ h2 ·A.
Proof. Let h1 = (h1,1, . . . , h1,q) and h2 = (h2,1, . . . , h2,q). For all n =
∑q
i=1 ni ∈
h1 ·A with
ni =
h1,i∑
ji=1
ai,ji ∈ h1,iAi
we have
ni =
h1,i∑
ji=1
ai,ji + (h2,i − h1,i)0 ∈ h2,iAi
and so n ∈ h2 ·A. This completes the proof. 
The norm of the vector h = (h1, . . . , hq) ∈ N
q
0 is
‖h‖ =
q∑
i=1
hi = h.
Lemma 2. Let A = (A1, . . . , Aq) be a q-tuple of sets of integers, and let A =⋃q
i=1Ai. For all vectors h = (h1, . . . , hq) ∈ N
q
0,
(i) h ·A ⊆ ‖h‖A.
(ii) If Ai ⊆ [ui, vi] for all i ∈ [1, q], then
h ·A ⊆
[
q∑
i=1
hiui,
q∑
i=1
hivi
]
.
(iii) If Ai ⊆ [0, a
∗
i ] for all i ∈ [1, q] and a
∗ =
(
a∗1, . . . , a
∗
q
)
, then
h ·A ⊆ [0,h · a∗] .
(iv) For every positive integer t,⋃
(t1,...,tq)∈N
q
0
t1···tq≥t
(
(h1A1)
(t1) + · · ·+ (hqAq)
(tq)
)
⊆ (h ·A)
(t)
.
Proof. (i) For all i ∈ [1, q], we have Ai ⊆ A and so hiAi ⊆ hiA. Therefore,
h ·A =
q∑
i=1
hiAi ⊆
q∑
i=1
(hiA) =
(
q∑
i=1
hi
)
A = ‖h‖A.
(ii) For all i ∈ [1, q], if Ai ⊆ [ui, vi], then hiAi ⊆ [hiui, hivi] and so
h ·A = h1A1 + · · ·+ hqAq
⊆ [h1u1, h1v1] + · · ·+ [hquq, hqvq]
=
[
q∑
i=1
hiui,
q∑
i=1
hivi
]
.
(iii) This follows from (ii) with ui = 0 and vi = a
∗
i for all i ∈ [1, q], and∑q
i=1 hia
∗
i = h · a
∗.
(iv) If
n ∈ (h1A1)
(t1) + · · ·+ (hqAq)
(tq)
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then for all i ∈ [1, q] there is an integer mi ∈ (hiAi)
(ti) such that
n = m1 + · · ·+mq.
The integer mi has at least ti representations as a sum of hi elements of Ai, and
so n has at least t1 · · · tq ≥ t representations in the sumset h1A1 + · · · + hqAq.
Therefore, rA,h(n) ≥ t. This completes the proof. 
Lemma 3. Let A be a finite set of integers with min(A) = 0 and max(A) = a∗. If
c and m are integers with m ≥ a∗, then
[c, c+m− 1] +A = [c, c+m− 1 + a∗].
Proof. Because min(A) = 0 and max(A) = a∗, we have
min([c, c+m− 1] +A) = c
and
max([c, c+m− 1] +A) = c+m− 1 + a∗
and so
[c, c+m− 1] +A ⊆ [c, c+m− 1 + a∗].
Because {0, a∗} ⊆ A and c+ a∗ ≤ c+m, we have
[c, c+m− 1] +A ⊇ [c, c+m− 1] + {0, a∗}
= [c, c+m− 1] ∪ [c+ a∗, c+m− 1 + a∗]
⊇ [c, c+m− 1] ∪ [c+m, c+m− 1 + a∗]
= [c, c+m− 1 + a∗].
This completes the proof. 
Lemma 4. Let A = (A1, . . . , Aq) be a q-tuple of sets of integers. Let B be a set of
integers and let h and h′ be vectors in N
q
0. If
S ⊆ (h ·A)(t)
then
S +B ⊆ (h ·A+B)(t)
and
S + h′ ·A ⊆ ((h+ h′) ·A)
(t)
.
Proof. If s ∈ S has t distinct representations by the linear form h ·A, then s + b
has t distinct representations by the inhomogeneous linear form h ·A+B.

3. Reflection and symmetry
Let A be a finite set of integers with min(A) = 0 and max(A) = a∗. Define the
reflection
Â = max(A)−A = {a∗ − a : a ∈ A}.
The set A is symmetric if A = Â.
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Lemma 5. For every finite set A of integers with 0 ∈ A and max(A) = a∗, the
reflection Â has the following properties:
min
(
Â
)
, max
(
Â
)
= a∗,
̂̂
A = A, gcd
(
Â
)
= gcd(A),
and, for all positive integers h and t,(
hÂ
)(t)
=
̂
(hA)
(t)
.
Proof. We have min
(
Â
)
= a∗ − a∗ = 0 This implies that
̂̂
A = {a∗ − â : â ∈ Â} = {a∗ − (a∗ − a) : a ∈ A} = A.
Moreover, d divides a for all a ∈ A if and only if d divides a∗ − a for all a ∈ A if
and only if d divides â for all â ∈ Â, and so gcd(A) = gcd
(
Â
)
.
If n ∈ (hÂ)(t), then r
Â,h
(n) ≥ t and there are t distinct h-tuples (âi1,s, . . . , âih,s) ∈
Âh for s ∈ [1, t] such that
n =
h∑
j=1
âij ,s =
h∑
j=1
(
a∗ − aij ,s
)
.
where aij ,s = a
∗ − âij ,s ∈ A. Equivalently,
ha∗ − n =
h∑
j=1
aij ,s ∈ (hA)
(t)
Therefore, rA,h(ha
∗ − n) ≥ t and so ha∗ − n ∈ (hA)(t) and n ∈ ̂(hA)(t). Thus,
(hÂ)(t) ⊆ ̂(hA)(t). The proof that ̂(hA)(t) ⊆ (hÂ)(t) is similar. 
Lemma 6. Let A = (A1, . . . , Aq) be a normalized q-tuple of finite sets of integers
with
a∗i = maxAi for all i ∈ [1, q]
and
a
∗ =
(
a∗1, . . . , a
∗
q
)
∈ Nq0.
For all h ∈ Nq0 and for all integers n ∈ [0,h · a
∗],
r
Â,h
(n) = rA,h(h · a
∗ − n).
If c and d are nonnegative integers with c+ d ≤ h · a∗, then
[d,h · a∗ − c] ⊆
(
h · Â
)(t)
if and only if
[c,h · a∗ − d] ⊆ (h ·A)
(t)
.
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Proof. Let h = (h1, . . . , hq) ∈ N
q
0. If rÂ,h(n) ≥ t, then for all i ∈ [1, q], ji ∈ [1, hi],
and s ∈ [1, t] there exist integers âi,ji,s ∈ Âi such that
n =
q∑
i=1
hi∑
ji=1
âi,ji,s
for all s ∈ [1, t] and, if s, s′ ∈ [1, t] and s 6= s′, then there exist ℓ ∈ [1, q] and
jℓ ∈ [1, hℓ] such that âℓ,jℓ,s 6= âℓ,jℓ,s′ . We have ai,ji,s = a
∗
i − âi,ji,s ∈ Ai, and so
aℓ,jℓ,s 6= aℓ,jℓ,s′ . From
n =
q∑
i=1
hi∑
ji=1
(a∗i − ai,ji,s) = h · a
∗ −
q∑
i=1
hi∑
ji=1
ai,ji,s
we obtain
h · a∗ − n =
q∑
i=1
hi∑
ji=1
ai,ji,s ∈ (hA)
(t)
and so rA,h(h · a
∗ − n) ≥ t. Similarly, rA,h(h · a
∗ − n) ≥ t implies r
Â,h
(n) ≥ t.
The observation that d ≤ n ≤ h · a∗ − c if and only if c ≤ h · a∗ − n ≤ h · a∗ − d
completes the proof. 
4. Proof of Theorem 2
Proof. For all i ∈ [1, q], let Ai = {ai,0, ai,1, . . . , ai,ki}, where
0 = ai0 < ai1 < · · · < ai,ki = a
∗
i .
Rearranging the sets Ai, we can assume that
a∗ = max{a∗i : i ∈ [1, q]} = a
∗
q = aq,kq .
Let
k =
q∑
i=1
ki.
The divisibility condition gcd (
⋃q
i=1Ai) = 1 implies that, for every integer n and
for all i ∈ [1, q] and ji ∈ [1, ki], there exist integers x
′
i,ji
such that
n =
q∑
i=1
ki∑
ji=1
x′i,jiai,ji .
For all s ∈ [1, t], the interval [(s−1)a∗, sa∗−1] is a complete set of residues modulo
a∗, and so, for all (i, ji) 6= (q, kq), there is a unique integer xi,ji,s(n) such that
xi,ji,s(n) ∈ [(s− 1)a
∗, sa∗ − 1]
and
xi,ji,s(n) ≡ x
′
i,ji
(mod a∗).
It follows that
n ≡
q∑
i=1
ki∑
ji=1
(i,ji) 6=(q,kq)
xi,ji,s(n)ai,ji (mod a
∗)
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and so there is an integer xq,kq ,s(n) such that
(3) n =
q∑
i=1
ki∑
ji=1
(i,ji) 6=(q,kq)
xi,ji,s(n)ai,ji + xq,kq,s(n)a
∗ =
q∑
i=1
ki∑
ji=1
xi,ji,s(n)ai,ji .
The inequality
q∑
i=1
ki∑
ji=1
(i,ji) 6=(q,kq)
xi,ji,s(n)ai,ji ≤
q∑
i=1
ki∑
ji=1
(i,ji) 6=(q,kq)
(sa∗ − 1)a∗i
≤
q∑
i=1
ki(ta
∗ − 1)a∗
= k(ta∗ − 1)a∗
implies that if
(4) n ≥ k(ta∗ − 1)a∗
then
xq,kq ,s(n)a
∗ = n−
q∑
i=1
ki∑
ji=1
(i,ji) 6=(q,kq)
xi,ji,s(n)ai,ji ≥ 0
and so xq,kq ,s(n) is a nonnegative integer.
Let i ∈ [1, q] and ji ∈ [1, ki] with (i, ji) 6= (q, kq). If s, s
′ ∈ [1, t] and s < s′, then
xi,ji,s(n) < sa
∗ ≤ (s′ − 1)a∗ ≤ xi,ji(n, s
′).
Thus, if n satisfies inequality (4), then n has at least t different representations as
a sum of elements of
⋃q
i=1 Ai with repetitions allowed.
Let ct be the smallest integer such that every integer n ≥ ct has at least t
different representations as a sum of elements of
⋃q
i=1Ai with repetitions allowed.
Let Ct be the set of all integers n ∈ [0, ct − 2] such that n has at least t different
representations as a sum of elements of
⋃q
i=1 Ai with repetitions allowed. Thus,
Ct ∪ [ct,∞) is the set of all integers that have at least t different representations as
a sum of elements of
⋃q
i=1 Ai.
Let n ∈ Ct ∪ [ct,∞), and, for s ∈ [1, t], let
n =
q∑
i=1
ki∑
ji=1
xi,ji,s(n)ai,ji
be t distinct representations of n. For all i ∈ [1, q], let
hi(n) = max

ki∑
ji=1
xi,ji,s(n) : s ∈ [1, t]

and
h(n) = (h1(n), . . . , hq(n)) ∈ N
q
0.
Let
h0 = sup {h(n) : n ∈ Ct ∪ [ct, ct + a
∗ − 1]} = (h0,1, . . . , h0,q) ∈ N
q
0.
Because 0 ∈
⋂q
i=1 Ai, we have
rA,h0(n) ≥ rA,h(n)(n) ≥ t
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for all n ∈ Ct ∪ [ct, ct + a
∗ − 1], and so
Ct ∪ [ct, ct + a
∗ − 1] ⊆ (h0 ·A)
(t)
⊆ h0 ·A ⊆ [0,h0 · a
∗].
It follows that
(5) Ct ⊆ (h ·A)
(t)
for all vectors h ∈ Nq0 with h  h0.
Defining the integer
d′t = h0 · a
∗ − (ct + a
∗ − 1) ≥ 0
gives
[ct,h0 · a
∗ − d′t] ⊆ (h0 ·A)
(t)
.
We shall prove that
(6) [ct,h · a
∗ − d′t] ⊆ (h ·A)
(t)
for all vectors h ∈ Nq0 with h  h0.
The proof is by induction on ℓ = ‖h−h0‖. If ℓ = 0, then h = h0 and (6) is true.
Suppose that (6) is true for all vectors h ∈ Nq0 with h  h0 and ‖h− h0‖ = ℓ.
Let ei = (0, . . . , 0, 1, 0, . . . , 0) ∈ N
q
0 be the vector whose ith coordinate is 1 and
whose other coordinates are 0. If h  h0 and ‖h − h0‖ = ℓ + 1, then there exists
ℓ ∈ [1, q] such that ‖h− eℓ‖ = ℓ and h− eℓ  h0. The induction hypothesis implies
[ct,h · a
∗ − a∗ℓ − d
′
t] = [ct, (h− eℓ) · a
∗ − d′t] ⊆ ((h− eℓ) ·A)
(t)
.
We have
h · a∗ ≥ (h0 + eℓ) · a
∗ = h0 · a
∗ + a∗ℓ
and so
h · a∗ − a∗ℓ − d
′
t + 1 ≥ h0 · a
∗ − d′t + 1 = ct + a
∗ ≥ ct + a
∗
ℓ
This inequality and Lemmas 3 and 4 imply that
[ct,h · a
∗ − d′t] = [ct,h · a
∗ − a∗ℓ − d
′
t] ∪ [h · a
∗ − a∗ℓ − d
′
t + 1,h · a
∗ − d′t]
= [ct,h · a
∗ − a∗ℓ − d
′
t] ∪ [ct + a
∗
ℓ ,h · a
∗ − d′t]
= [ct,h · a
∗ − a∗ℓ − d
′
t] + {0, a
∗
ℓ}
= [ct,h · a
∗ − a∗ℓ − d
′
t] +Aℓ
⊆ ((h− eℓ) ·A)
(t) +Aℓ
⊆ ((h− eℓ) ·A+Aℓ)
(t)
= (h ·A)
(t)
.
This proves (6) for all h  h0.
Consider the system of reflected sets Â =
(
Â1, . . . , Âq
)
. Let dt be the smallest
integer such that every integer n ≥ dt has at least t representations as the sum of
elements of
⋃q
i=1 Âi. Let Dt be the set of integers n ∈ [0, dt − 2] that have at least
t representations as the sum of elements of
⋃q
i=1 Âi. There exists a vector ĥ0 ∈ N
q
0
and a nonnegative integer c′t such that, for all h ∈ N
q
0 with h  ĥ0,
Dt ∪ [dt,h · a
∗ − c′t] ⊆
(
h · Â
)(t)
.
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Applying Lemma 6 gives
(7) [c′t,h · a
∗ − dt] ∪ (h · a
∗ −Dt) ⊆ (h ·A)
(t)
.
Let ht be a vector in N
q
0 such that
ht  sup(h0, ĥ0)
and
(8) c′t + d
′
t ≤ ht · a
∗.
It follows from (5), (6), (7), and (8) that
[ct,h · a
∗ − d′t] ∪ [c
′
t,h · a
∗ − dt] = [ct,h · a
∗ − dt]
and, for all h  ht,
Ct ∪ [ct,h · a
∗ − dt] ∪ (h · a
∗ −Dt) ⊆ (h ·A)
(t)
.
The definitions of the sets Ct and Dt imply
Ct ∪ [ct,h · a
∗ − dt] ∪ (h · a
∗ −Dt) = (h ·A)
(t)
for all h  ht. This completes the proof, 
5. Inhomogeneous linear forms
Let A = (A1, . . . , Aq) be a q-tuple of sets of integers, and let B be a set of
integers. Associated with each vector h = (h1, . . . , hq) ∈ N
q
0 is the inhomogeneous
linear form of sumsets
h ·A+B = h1A1 + · · ·+ hqAq +B.
The chromatic representation function rA,h,B(n) counts the number of (q+1)-tuples
(a1, . . . , ai, . . . , aq, b) ∈ A
h1
1 × · · · ×A
hi
i × · · ·A
hq
q ×B
where b ∈ B and, for all i ∈ [1, q], the hi-tuple ai = (ai,j1 , ai,j2 , . . . , ai,jhi ) ∈ A
hi
i
satisfies
ai,j1 ≤ ai,j2 ≤ · · · ≤ ai,jhi .
We shall determine the structure of the sumset
(h ·A+B)(t) = {n ∈ h ·A+B : rA,h,B(n) ≥ t}.
Theorem 3. Let A = (A1, . . . , Aq) be a normalized q-tuple of finite sets of integers.
Let max(Ai) = a
∗
i for all i ∈ [1, q], and
a
∗ =
(
a∗1, . . . , a
∗
q
)
∈ Nq0.
Let B be a finite set of integers with
min(B) = 0 and max(B) = b∗.
For every positive integer t, there exist nonnegative integers ct,B and dt,B, finite
sets of nonnegative integers Ct,B and Dt,B, and a vector ht,B ∈ N
q
0 such that, if
h ∈ Nq0 and h  ht,B, then
(h ·A+B)
(t)
= Ct,B ∪ [ct,B,h · a
∗ + b∗ − dt,B ] ∪ (h · a
∗ + b∗ −Dt,B) .
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Proof. Let h = (h1, . . . , hq) ∈ N
q
0 and s ∈ [1, t]. If
n =
q∑
i=1
hi∑
ji=1
ai,ji,s
then
n+ b =
 q∑
i=1
hi∑
ji=1
ai,ji,s
+ b
for all b ∈ B. It follows that if rA,h(n) ≥ t, then rA,h,B(n + b) ≥ t for all b ∈ B,
and so
(h ·A)
(t)
+B ⊆ (h ·A+B)
(t)
.
By Theorem 2, for every positive integer t, there exist nonnegative integers ct
and dt and a vector ht ∈ N
q
0 such that, if ht = (h1, . . . , hq) ∈ N
q
0 and h  ht, then
[ct,h · a
∗ − dt] ⊆ (h ·A)
(t)
.
Choose ht,B = (hB,1, . . . , hB,q)  ht such that, for all i ∈ [1, q],
hB,i ≥ ct and b
∗ + ct + dt − 1 ≤ ht,B · a
∗.
We have
[ct,ht,B · a
∗ + b∗ − dt] = [ct,ht,B · a
∗ − dt] ∪ [ht,B · a
∗ − dt + 1,ht,B · a
∗ + b∗ − dt]
⊆ [ct,ht,B · a
∗ − dt] ∪ [b
∗ + ct,ht,B · a
∗ + b∗ − dt]
= [ct,ht,B · a
∗ − dt] + {0, b
∗}
= [ct,ht,B · a
∗ − dt] +B
⊆ (ht,B ·A)
(t) +B
⊆ (ht,B ·A+B)
(t)
.
Let ct,B and dt,B be the smallest nonnegative integers such that
[ct,B,ht,B · a
∗ + b∗ − dt,B] ⊆ [ct,ht,B · a
∗ + b∗ − dt] ⊆ (ht,B ·A+B)
(t)
.
Let Ct,B be the largest subset of [0, ct,B − 2] and let Dt,B be the largest subset of
[0, dt,B − 2] such that
(ht,B ·A+B)
(t) = Ct,B ∪ [ct,B,ht,B · a
∗ + b∗ − dt,B ] ∪ (ht,B · a
∗ + b∗ −Dt,B) .
The proof, by induction on ‖h‖, that
(9) (h ·A+B)
(t)
= Ct,B ∪ [ct,B,h · a
∗ + b∗ − dt,B] ∪ (h · a
∗ + b∗ −Dt,B)
for all h  ht,B, is the same as the proof of Theorem 2. 
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